Problema 861.-

1242 m. Sobre los radios ID, IE, IF que van al punto de contacto del circulo inscrito y de los lados BC, CA y AB, se toman distancias iguales ID’, IE’, IF’; las
rectas que unen los puntos D’, E’, F” a los vértices opuestos A, B, C del triangulo, se cortan en un mismo punto, (Lemoine, Boutin, Retali, Kariya)

F.G.M. (1912) (Exercices de géométrie, comprenant I'exposé des méthodes géométriques et 2000 questions résolues)F.G.M. (1912) (Exercices de géométrie,
comprenant I'exposé des méthodes géométriques et 2000 questions résolues)

Solution proposée par Philippe Fondanaiche

De nombreuses démonstrations du théoreme de Kariya sont accessibles dans des revues
telles que L'Enseignement mathématique paru au début du XX'"™ siécle puis dans
différents ouvrages tels celui de Frere Gabriel-Marie ci-dessus référence ou dans des
articles dont ceux de Jean-Louis Aymé ( Les points de Kariya et Le théoreme de
Jacobi), de Paul Yiu (The Kariya Problem and Related Constructions) et de lon Patrascu
et Catalin I. Barbu (Two new proofs of Goormaghtighs' theorem).

La revue American Mathematical Monthly I'a repris dans la rubrique n°11554 du
volume 119 n°8 d'octobre 2012. La solution correspondante est mentionnée en annexe

Nous donnerons ci-apres la solution d'Harold Hilton qui a le mérite de la briéveté.

On désigne par a, B et y les angles du triangle ABC aux sommets A,B et C.

Soient r le rayon du cercle inscrit, ha ,hg et he les longueurs des hauteurs issues des sommets A,B et C.

Soit d la distance commune ID' = IE' = IF'. Les points E" et F" sont les projections de D sur les cotés AC et AB.
A A I'examen de la figure, on a les relations d'angles évidentes : £ IDE" =y et L IDF"=p.

Les coordonnées trilinéaires du sommet A sont (ha,0,0) et celles du centre | du cercle inscrit sont: (r,r,r).

Les coordonnées trilinéaires du point D' sont alors r — d, r + dcos(y), r + dcos(p).

L'équation de la droite AD' est donnée par le déterminant :

h A 0 0
r—d r+dcos(y) r+dcos(f)] =0
X y z

soit [r + dcos(y)] z = [r + dcos(B)]y
De la méme maniere on obtient les équations de la droite BE' : [r + dcos(y)] z=[r + dcos(a)]x et de la droite CF": [r + dcos(a)]x = [r + dcos(B)]y.
Il en découle que les trois droites AD',BE' et CF' passent par le point P défini par [r + dcos(a)]x = (r + dcos(B)]y = [r + dcos(y)] z.C.q.f;d.


http://jl.ayme.pagesperso-orange.fr/Docs/Les%20points%20de%20Kariya.pdf
http://jl.ayme.pagesperso-orange.fr/Docs/Le%20theoreme%20de%20Jacobi.pdf
http://jl.ayme.pagesperso-orange.fr/Docs/Le%20theoreme%20de%20Jacobi.pdf
http://forumgeom.fau.edu/FG2015volume15/FG201520.pdf
https://ijgeometry.com/wp-content/uploads/2011/10/21.pdf

Annexe
Source American Monthly Mathematical VVolume 119 n°8 Pb n°11554

Triangle Center X (79)

11554 [2011, 178). Proposed by Zhang Yun, Xi’an Jiao Tong University Sunshine High
School, Xi’an, China. In triangle ABC, let I be the incenter, and let A’, B', C' be the
reflections of I through sides BC, CA, AB, respectively. Prove that the lines AA", BB,
and CC" are concurrent.

Solution by Alin Bostan, INRIA, Rocquencourt, France. First we identify this problem
as a particular case of two different classical theorems in Euclidean geometry: Jacobi’s
Theorem and Kariya’s Theorem (which is itself a particular case of an older theorem
of Lemoine’s, see below). We then give two proofs of Problem 11554.

Jacobi’s Theorem (sometimes called “the Isogonal Theorem™): If ABC is a tri-
angle, and A', B', and C' are points in its plane such that # B'AC = ZBAC, ZC'BA =
SCBA', and £ A'CB = ZACHE, then the lines AA', BB, and CC’ are concurrent. This
is a generalization of the famous “Napoleon’s Theorem”, available at http://en.
wikipedia.org/wiki/Napoleon’s_theorem. It was seemingly discovered by Carl
Friedrich Andreas Jacobi [not to be confused with Carl Gustav Jacob Jacobi], and pub-
lished in 1825 in Latin: C. E. A. Jacobi, De triangulorum rectilineorum proprietatibus
quibusdam nondum satis cognitis, Naumburg (1825).

Kariya’s Theorem: Let I be the incenter of a triangle ABC, and let X, Y, Z be
the points where the incircle of AABC touches the sides BC, CA, AB, respectively.
If A", B', C' are three points on the half-lines IX, IY, IZ, respectively, such that IA' =
IB' = IC', then the lines AA', BB', and CC' are concurrent. This theorem has a long his-
tory. It was discovered independently by Auguste Boutin and by V. Retali: A. Boutain,
“Sur un groupe de quatre coniques remarquables,”Journal de mathématiques spéciales
ser. 3, 4 (1890) 104-107, 124-127; A. Boutin, “Problémes sur le triangle.” Journal de
mathématiques spéciales ser. 3, 4 (1890) 265-269; V. Retali, Periodico di Matematica
(Rome) 11 (1896) 71.

The result only became well known with Kariya’s paper (which inspired many re-
sults appearing in I’ Enseignement over the following years): J. Kariya, “Un probléme
sur le tnangle,” L’ Enseignement mathématique 6 (1904) 130-132, 236, 406. Actually,
a generalization of this result was obtained before Kariya by Emile Lemoine in Sec-
tion 4 of: E. Lemoine, “Contributions i la géométrie du triangle,”Congrés de ’AFAS,
Paris, 1889, p. 197-222,

Lemoine explicitly states and proves on page 202 the following: Let ABC be a
triangle, M a point in its plane, and X, Y, Z the projections of M on BC, CA, AB,
respectively. If A’, B', C' are points on the half-lines MX, MY, and MZ, respectively,
such that MX - MA' = MY - MB' = MZ - MC', then AA’, BB, CC' are concurrent.
Auric gave in 1915 another generalization of Kariya’s Theorem: A. Auric, “Général-
isation du théoréme de Kariya,”Nouvelles annales de mathématiques 4e sériel 5 (1915)
222-225. The statement is the same as Lemoine’s Theorem except that the assumption
MX - MA' = MY - MB' = MZ - MC is replaced by MX/MA' = MY/MB' = MZ/MC'.

Now we give the two solutions to Problem 11554, both based on Ceva’s Theorem.

(1) This solution is possibly new (less elegant than the second one, but a bit shorter).
Let P be the intersection of AA” and BC, and let 0 be the intersection of Af and BC. Ap-
plying Menelaus’” Theorem twice (once for AAPQ and transversal IA', once for AAIA’
and transversal BC), we find that BP/PC = (a” + ¢* — b* + ca) /(b* + a® — ¢* + ab).
Since the numerator is obtained from the denominator by the cyclic permutation a —
b — ¢ — a, the conclusion follows from Ceva’s Theorem.

(2) The second solution is much more elegant, and is possibly due to the Roma-
nian geometer Gheorghe Titeica (it appears as Problem 1138 in his book Problems of
Geometry (in Romanian)). Let the parallel to BC passing through A’ intersect AB and
AC in A, and A,, respectively. Construct similarly the points By, B>, Cy, and C;. By
symmetry, A’A; = C'Cz, A'A; = B'By, and B'B; = C'C,. Let P be the intersection
of AA” and BC, let Q be the intersection of BB’ and AC, and let R be the intersection of
CC" and AB. Thales’ Theorem implies BP/PC = A A'JA'A5, CO/OA = B\ B'/B'B,,
and AR/RB = C,C"/C'C;. It follows that

BP CQ AR _ AA" BB’ C,C

PC QA RB A’A, B'B, C'C,

¥

and the conclusion follows from Ceva’s Theorem.

Final notes: (i) Nowadays the point J of concurrence in Problem 11554 is some-
times called “Gray’s point” after Steve Gray who noted a seemingly new property,
namely that the line I/ is parallel to the Euler line OH of AABC.

(ii) The point J is called X (79) in Kimberling’s Encyclopedia of Triangle Centers,
available at http://faculty.evansville.edu/ck6/encyclopedia/ETC.html.



