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Abstract. The author is interested in the Probleinof the 50th Kurschak Mathematics
Competitionand presents an original proof with a historicaiena short biography as
well as a archive.

The figures are all in general position ancca#id theorems can all be proved
synthetically.
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A. LE PROBLEME 2

VISION
Figure :
Traits : ABC un triangle A-isocéle,
0 le cercle circonscrit a ABC,
P un point de [BC],
Q le point d'intersection de la paralléle a (A&ue de P avec (AC),
R le point d'intersection de la paralléle a (A€3ue de P avec (AB)
et T le symétrique de P par rapport a (QR).
Donné : T est su.?
Commentaire : une figure élégante qui a attiré le regard dedlaut
2 50th Kiirschak Mathematics Competiti¢h949)

Leigh R. B., Liu A.,Hungarian Problem Book/, MAA (2011) 45-48

Suppa E., A compilation of the Edtvds- Kiirschak @etition (13/11/2007) 60 ;
http://www.batmath.it/matematica/raccolte_es/ek_petitions/ek_competitions.pdf

Tournament of Towns Spring 2015 Senior A-levieltp://www.math.toronto.edu/oz/turgor/archives/TI88_SAproblems.pdf
Reflection of a Point lying on Circumcircle, AoP8 #4/02/2017 ;
https://lwww.artofproblemsolving.com/community/c6i@i81389049 _reflection_of_a_point_lying_on_circuralgr

Barroso R., Quincena del 16 al 31 de Marzo de 20vhlema872; http://personal.us.es/rbarroso/trianguloscabri/



VISUALISATION

Commentaire : les parallélismes exprimés dans les hypothéses, invite au théoréme de Reim.

» Le cercleD, le point de base B, les moniennes naissantes)(EBRBR), les paralleles (CA) et (PR),
conduisent au théorériié de Reim ;

en conséquence, le cercle circonscritiandle BPR est tangeni®en B.
* Notons 1b ce cercle.
» Mutatis mutandis, nous montrerions que le eecoiconscrit au triangle CPQ est tangeften C.
* Notons 1c ce cercle,
M le second point d'intersection tieet1c,
et (0] le centre deé.
e Scolies: Q) (OB) est une droite diamétrale te

(2) (OC) est une droite diamétrale e



Commentaire : un point sur chaque cété d'un triangle, nous iratitéhéoréme du pivot.

» Notons la le cercle circonscrit au triangle AQR
et T le second point d'intersection eavecO.
» D'apres Auguste Miquel "Le théoreme du pivpt" 1a, 1betlc concourent en M.

Ayme J.-L., Auguste Miquel, G.G.G. vdi3, p. 4-7 ;http://jl.ayme.pagesperso-orange.fr/



Commentaire : nous observons que le cerdl@passe par O.

» Notons A, B, C' les seconds points d'inteisaatie (OA) etla, (OB) etlb, (OC) etlc.
e D'aprés "Le cercle de Mannheifn" A', B', C', O et M sont cocycliques.
* Notons i ce cercle.

Ayme J.-L., Les cercles de Morley, Euler, Mannhei, G.G.G. vol.2 ; http://jl.ayme.pagesperso-orange.fr/
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Scolies : Q) [OB'] est un diametre dib
(2) [OC] est un diamétre dkc.

D'aprés Thalés "Triangle inscriptible dans amdcercle”,
d'apres I'axiomB/a des perpendiculaires,

d'apres le postulat d'Euclide,

en conséquence,

Le triangle ABC étant A-isocéle,
nous savons que
d'aprés 'axiomé&/a des perpendiculaires,

Les triangles RBC et QCP étant resp. R, Q-iss;el
d'aprés les théorémes "Angles inscritsAagles opposés”,

(OA") étant parallele a (B'C'),
en conséquence,

Conclusion partielle :

(PBY (BPC) et (BPCH(PC);
(PB") /I (PC) ;
(PB) =1RC
P, B' et C' sont alignés.

(OA'R)(BC) ;
(BCH (B'C) ;
(OAA) I (B'C)).
le triangle OB'C est O-isocéle.

(OA") estdmgente & en O ;
O et A’ sont confondus.

lapasse par O.



Commentaire : un résultat peu connu s'impose...

e D'aprés "Cercle passant par le centre d'urietérc
le triangle RBP étant R-isocéle,
par transitivité de =,

e Mutatis mutandis, nous montrions que

e D'aprés "Le théoréme de la médiatrice",

e T'étant le symétrique de P par rapport a (QR),

e Conclusion : T est suf.

RT'=RB;
RB=RP;
RT' = RP.
QT'=QP
)(€dR la médiatrice de [PT'].

T' et T sont confondus.

Ayme J.-L., Simplicity 1, G.G.G. voB6, p. 9-10 http://jl.ayme.pagesperso-orange.fr/



B. LES COMPETITIONS KURSCHAK

1. Une introduction d'Ercole Suppa

There are several separate competitions in Hungaing oldest modern mathematical
competition, not only in Hungary but also in therldpis the Kiirschak Mathematical
Competition, founded in 1894, but known as Edtvathkmatical Competition until
1938. This competition is for students up to thst fiear of university and consists of 3
problems. This competition changed its name frotwd&ito Kirschak after the second
world war. The E6tvés was not held in the years919920,1921,1944,1945,1946. The
Kirschak was not held in the year 1956.

2. Une courte biographie del6zsef Kiirschak®

Jozsef Kiirschak est né le 14 mars 1864 a Buda (fstiaHongrie).
Fils de Jozefa Teller et d'Andras Kirschak, JoKseschak entre en 1881 a l'université de Budapest sort
en 1886 avec le permis d'enseigner les mathématifua physique dans les lycées.
Il enseigne alors a Roznyo (Slovaquie) durant denées avant de retourner a l'université de Butlapab
obtient son doctorat en 1890 ce qui lui permeteger jusqu'a sa retraite.

Suppa E., Home Pagéttp://www.esuppa.it
D'lgnazio |, Suppa Ell problema geometrico, dal compasso al Calmterlinea Editrice, Teramos, 2001 ; ISBN 88-8545-1

J Suppa E., A compilation of the E6tvds- Kiirschak @etition (13/11/2007) 60 ;
http://www.batmath.it‘matematica/raccolte_es/ek_petitions/ek_competitions.pdf
g J J O'Connor and E F Robertson,

http://www-history.mcs.st-andrews.ac.uk/Biograpfesschak.html



Membre de I'Académie des Sciences en 1897, prafesseitre en 1900, il contribue a l'organisatilms
compétitions de mathématiques E6tvos Lorand en gi@2Seront renommées Jozsef Kirschak en 1949.
Il décede le 26 mars1933 a Budapest (Hongrie).

Pour I'histoire, rappelons les deux villes de ObeidBest sont réunifiées en 1872 sous le nom deyizsd. ..

3. Archives
Quincena del 16 al 31 de Marzo de 2018
Problema 872
Problema 2. Sea P cualquier punto de la base de un triangulo isosceles. Sean (Q y R las
intersecciones de los lados iguales con las rectas
que contienen a P paralelas a los mismos. Probar que la reflexion de P segin la recta QR
pertenece a la circunferencia circunserita al trigngulo dado.
Leigh. RB.. Liu. A. (2011): Hungarian Problem Book IV, MAA
9
1949
Probdem L. Prove thatsin A & 3sin2A 4 $sindA = 00f0% < A < 180°
(Soletion 52 on p. 5.0
Problem 2. Let ' he any point on the base of a given isosceles triangle
Let 2 and R be the i nterscetions of the equal sides with lines dirawn througk
=~ |'|;.||.‘:||||:| L ll"u.: e :;uil.li.::\'.. Pﬂ'l'u.: that 1|'|L.: |'¢|1q.:|.:lii'|:|i of :lhl::ll.ll the |i.|:‘|1.." f_}ﬁ
lies con the circameircle of the given triangle. (Solution is on p_ 45.)
Proklem 3. Which positive integers cannot be expressed as sums of two m
more consccutive positive integers” £5olutionis onp. 34.)
S Barroso R., Quincena del 16 al 31 de Marzo de 20rihlemad72;

http://personal.us.es/rbarroso/trianguloscabri/
w https://books.google.com/books/about/Hungarian_IBnobBook_IV.html?id=_ckF0053DZUC



First Solution Let ABC be amangle with AR = AC, 50 that we have
LABC = FACH, Let P, Q and 8 be on sides BC, CA and A8 respec-
tively. Let [ be the point of reflection of P ascross OR. Then BP = RD
amd (P = 0, Morcover, AQ PR isa parallelogram, so that AR = QF =
oD and AQ = PR = DR. It follows that trizmgles QAD and RDA
are congruent, o that £QA0D = LRDA, Since REF is similar 1o ABC,

45 3, Solutions 1o Problems

REB = RP = RD, zothat we have ZRBD = ZRDE. Hence

EADB +« £2BCA = LRDA 4+ LRDB 4+ £ACH
£Q.'I.|rJ + ERBD 4 LABC
LCAD + £DBC.

Since the sum of all four angles is 3607, the sum of each pair is 180%, 5o tha
ADBC isa cyvelic quadrilateral.

Sccond Solution  Let ABC be o wiangle with A8 = AC, Let P, @ and
R be onsides £C, CA and A # respectively. Let £ be the point of reflection
of £ across QR Then we have

LCAR = LRPQ = LRDQ.
Hence .-|QR” i=a 1;_\-'4;|'||.: 1,|1|.:||.|'r'i|;|.l1..-r;|'|. It fallows tha /.-l.{.] D= ARD
and £OQC = DR Note that we have D0 = PO = C0 and DR =
PR = BR. Hence the isosceles triangles DQC and DR B are similar, so
that £ BOK = 2O Now

LBDC = LBDYP — £LCDG
LBDO - LHDR
£RDG
£BAC.

Sinee A and D are on the same side of 8C. ADBC 15 a evehic quadrilateral .

11
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Third Solution  Let A BC be a wiangle with AS = AC. Let P, 0 and R
be on sides BC, CA and A B respectively. Let £ be the point of reflection
of £ across QR Then RFP = RO and QF = @0, Morcover, both KB

3.7, Problem Set: Geometry 47

& r L
and OPC are simlar to ABC, Hence RE = RP = RD and QC =
OF = Q08 It follows that R is the circumeenter of D8F and @ is the
circumeenter of DFC, We now have 22C0F = SCOP and 22 P08 =
LBRP Sinee £OQP = LCAH = SBRP.LSCOR = SCOPL L PRI =
LCAR, Since A and D are on the same side of BC, ADBC iz a eyelic
quisdrilaterzl.

Fourth Solution  Let ABC be atriangle with A = AC. Let &, Q' and R
be on sides BC, CA and A B respectively. Let D be the point of refection
of P across QR, Then BP = KD and OF = Q0 Morcover, AQPR
is a parallelogram, so that AR = QP = QD and AQ = PR = DR It
follows that triangles QA D and ROA are congruent, so that ADRE is an
ispsceles truperoid. Let € be the circumeenter of A BC. Rotate the segment
AB about O until the image of A coincides with O and the image of #
comcides with A. Then the image of 8 coincides with @ It follows that
O = K, so that O lies on the perpendicular bisector of QK. Hence O
alse lies on the perpendicular bisector of AL, so that £ indeed lies on the
circumeirele of ABC,

4% 3, Solutions o Problems
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Fifth Solution  We prove & more general result, where A BC is an arbitrary
triangle. f isany pointon 8. & and R are poinison €4 and A B such that
QF = 0C and RF = RB. respectively. Let the line through A parallel 1o
BC cut the extensions of 2 and PR at ¥ and X, respectively. Then we
have LCAY = LACP = LYPC and £BAX = LABP = LXPB. It
follows that ZCAB = LY PX. Now AC = PY and A8 = PX. Henee
Irii||1glux. ABC and PX Y are CONZruent, so thant I;||.|,'_l,' have :;q!l,ljl.l circumradi,
The power of the point ) with respect to the two circles are Q04 - OC =
QY . ll:_}P. ||1.r|1|.'u iI |i|.:x an Iltl; ribd'i:.::ﬂ il:i.‘- of I|1|.: Wi I.:;rl.'!l."'\ﬁ_ ."Li|||i|i|r|}-. ET4]
does f. Since the two cireles are congruent, they are symmetric about QR,
andd the point 22 which 1= the image of P across QR lies on the cireameircle
of ABC,

Tournament of Towns in Toronto (2015)*

Problem 2. A point X is marked on the base BC' of an isosceles triangle ABC, and points
P and ) are marked on the sides AB and AC' so that APX (@ is a parallelogram. Prove that
the point ¥ symmetrical to X with respect to line PQ lies on the circumeirele of the triangle
ABC.

Solution (Richard Chow). Consider triangles PY O and OAQ. Note that ZPYQ = ZPXQ =

ZPAQ and LYOP = ZAOQ. Then £Y PO = ZAQO which implies that ZBPY = ZYQC.

Since triangle ABC is isosceles and PX || AC, triangle BPX is also isosceles and since
PX = PY, triangle BPY is isosceles as well. In similar way we can rove that triangle Y QC'
is also isosceles. Then triangles BPY and Y QC are similar. If follows that ZBY C' = ZBAC
and therefore quadrilateral BY AC is cyclic.

A
Y o

12
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12

http://www.math.toronto.edu/oz/turgor/archives.php
http://www.math.toronto.edu/oz/turgor/archives/TI88_SAsolutions.pdf
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