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Let a=BC, b=AC, c=AB. 

Is:  𝐵𝐷 =
𝑎𝑟

1+𝑟
  , =

𝑎

1+𝑟
 ,  𝐶𝐸 =

𝑏𝑟

1+𝑟
  , 𝐸𝐴 =

𝑏

1+𝑟
   ,  𝐴𝐹 =

𝑐𝑟

1+𝑟
  , 𝐹𝐵 =

𝑐

1+𝑟
  

Is: [𝐶𝐸𝐷] =
𝐶𝐸

𝐶𝐴

𝐶𝐷

𝐶𝐵
[𝐴𝐵𝐶] =

𝑏𝑟
(1+𝑟)⁄

𝑏

𝑎
(1+𝑟)⁄

𝑎
[𝐴𝐵𝐶] =

𝑟

(1+𝑟)2
[𝐴𝐵𝐶] 

And  [CED]=[BDF]=[AFE] 

Is [𝐷𝐸𝐹] = [𝐴𝐵𝐶] − 3[𝐶𝐸𝐷] =
1−𝑟−𝑟2

(1+𝑟)2 [𝐴𝐵𝐶] 

 

 

[𝐵𝐸𝐶] =
𝑟

1 + 𝑟
[𝐴𝐵𝐶], [𝐶𝐴𝐷] =

1

1 + 𝑟
[𝐴𝐵𝐶] 



 

Let M on BC such that EM is parallel to AD 

𝐶𝑀

𝐶𝐸
=

𝐶𝐷

𝐶𝐴
, 𝐶𝑀 =

𝐶𝐷 𝐶𝐸

𝐶𝐴
=

(𝑎
(1+𝑟)⁄ )(𝑏𝑟

(1+𝑟)⁄ )

𝑏
=

𝑎𝑟 

(1+𝑟)2 

𝐵𝑀 = 𝑎 − 𝐶𝑀 =
𝑎(1 + 𝑟 + 𝑟2)

(1 + 𝑟)2
 

[𝐸𝐶𝑀] =
𝐶𝑀

𝐶𝐷

𝐶𝐸

𝐶𝐴
[𝐶𝐴𝐷] =

𝑎𝑟
(1 + 𝑟)2⁄

𝑎
(1 + 𝑟)⁄

𝑏𝑟
(1 + 𝑟)⁄

𝑏
[𝐶𝐴𝐷] =

𝑟2

(1 + 𝑟)2
[𝐶𝐴𝐷] 

Then is    [𝐸𝐶𝑀] =
𝑟2

(1+𝑟)3 [𝐴𝐵𝐶] 

[𝐵𝐸𝑀] = [𝐵𝐸𝐶] − [𝐸𝐶𝑀] =
𝑟

1 + 𝑟
[𝐴𝐵𝐶] −

𝑟2

(1 + 𝑟)3
[𝐴𝐵𝐶] =

𝑟 + 𝑟2 + 𝑟3

(1 + 𝑟)3
[𝐴𝐵𝐶] 

Let P intersection of AD with BE.  

The triangle BDP is homotetic of BME, with ratio AD/AM. 

Is:
[𝐵𝐷𝑃]

[𝐵𝑀𝐸]
=

𝐵𝐷2

𝐵𝑀2 ≫ [𝐵𝐷𝑃] =
(𝑎𝑟

1+𝑟⁄ )2

(
𝑎(1+𝑟+𝑟2)

`(1+𝑟)⁄ )2

(𝑟+𝑟2+𝑟3)

(1+𝑟)3 [𝐴𝐵𝐶]  

Or [𝐵𝐷𝑃] =
𝑟3

(1+𝑟)(1+𝑟+𝑟2)
 [𝐴𝐵𝐶] 



Is [BDP]=[ARF]=[CQE]. 

 

Is  [𝐷𝑃𝑄𝐶] = [𝐵𝐸𝐶] − [𝐵𝐷𝑃] − [𝐸𝐶𝑄] =
𝑟

(1+𝑟)
[𝐴𝐵𝐶] −

2𝑟3

(1+𝑟)(1+𝑟+𝑟2)
 [𝐴𝐵𝐶] 

Or   [𝐷𝑃𝑄𝐶] =
𝑟+𝑟2−𝑟3

(1+𝑟)(1+𝑟+𝑟2)
 [𝐴𝐵𝐶] 

Then, [DPQC]=[ARQE]=[BPRF]. 

Is: [PQR]=[ABC]- 3[BPD]-3[DPQC]= 

[PQR] = [ABC] −  3[BPD] − 3[DPQC]

= (1 − 3
𝑟3

(1 + 𝑟)(1 + 𝑟 + 𝑟2)
 − 3

𝑟 + 𝑟2 − 𝑟3

(1 + 𝑟)(1 + 𝑟 + 𝑟2)
) [𝐴𝐵𝐶]  

 

And  

[PQR] =
1 − 2r + r2

1 + r + r2
[𝐴𝐵𝐶]  

 

Then, [EDF]=4 [PQR], is: 

1 − 𝑟 + 𝑟2

(1 + 𝑟)2
[𝐴𝐵𝐶] = 4

1 − 2𝑟 + 𝑟2

1 + 𝑟 + 𝑟2
[𝐴𝐵𝐶] 

 

Simplifying,  𝑟4 − 3𝑟2 + 1 = 0, , 𝑟 = √3±√5

2
 

r =φ, r=1/φ. 

 

Esta solución se reseña en Crux Mathematicorum (pag. 39-40) en el número de Enero de 2012 

 

 

https://cms.math.ca/crux/v38/n1/Solutions_38_1.pdf

