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Let ABC be an acute triangle, with circumcenter O and orthocenter H. Let A’, B’,C’ be the intersec-
tion of AH, BH,CH with BC, AC, AB and A4, By, Cy be the intersection of AO, BO,CO with BC, AC, AB. If
A", B" C" are AA;, BBy, CC1 midpoints, show that A’A”, B’B”, C'C" have a common intersection point.

Solution:
Notations: A ABC circumcircle = I, AHNI ={X}, AONI'={Y}, Ec A’A", AE=FEA"
Remarks:
e X € I' is the orthocenter’s symmetrical point towards BC' = HA' = A’X;
e Y is the symmetrical point towards the circumcenter = OA = OY.

Figura 1:

e Prove that A’A” cut OH in E and FE is the center of A ABC nine-point circle.
HA' = A’X (because X € I' is the orthocenter’s symmetrical point towards BC')
AY is the circumcircle’s diameter of A ABC = LAA’A; = AXY =90° = XY || A’Ay, so, in A AXY:
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Let Z€ A'A", HZ || AY = in & AA'A", HZ || A'A", so:
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From HZ || A”O and HZ = A”O = HZOA" is a parallelogram = HON A’A” = {E} and FH = EO, so
FE is the center of A ABC nine-point circle.

OA"=HZ

e Analogously is proved that
B'B'"NnHO=E

C'C"NHO =E

Conclusion:
A'A"NB'B"nC'C” = {E}



