Problema 1043 Laboratorio Virtual de Triangulos con Cabri Il

H orthocenter of AABC

MNDEF is orthie triangle of & ABC
R is cireumradius of & ABC

p is inradius of & DEF

\ Prove that
o/ M

. _DM=l(a2—b2+c2)(a*"+b2—czjl
N L MA a?(—a® + b* + ¢?)

DM EN FN _jp
A ce MA NB NC R

Solucion de Florentino Damian Aranda Ballesteros, Cordoba (Espafia).

Sabenos que :
EF = a Cos [A], DF = b Cos [B] y DE = ¢ Cos [C]

\/bc Cos [B] Cos [C] (-a? Cos [A]? + (b Cos [B] +¢ Cos[C])?)
DM= bi sectriz =

b Cos [B] + ¢ Cos [C]

-a?+b2+c? a2 - b2 +c2 aZ + b2 - ¢2
Cos[A] = ——; Cos[B] = ——; Cos[C] = ——8M—
2bc 2ac 2ab
V(-a+b+c) (a+b-c) (a-b+c) (a+b+c) (a%+b2-c2) (a®-b?+c?)
DM =
2a (a2 (b2+c2) - (bz—cz)z)
MA = hp - DM

" V(-a+b+c) (a+b-c) (a-b+c) (a+b+c)
) 2a

V(-a+b+c) (a+b-c) (a-b+c) (a+b+c) (a%+b?-c?) (a%-b?+c?)

2a (a2 (b? +c?) - (b? —c2)2)

aV(a+b-c) (a-b+c) (-a+b+c) (a+b+c) (-a%+b?+c?)
VA =

2 (- (b2 -c?)” +a? (b2 +c?))

DM -a*+ (b?- c2)2

MA g2 (az—bz—cz)

Act uando del m snp npdo, obtendrianps|as siguientesrelacionessinmlaresaestaprinera:
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-at + (bz-cz)2 -b* + (cz-az)2 -ct+ (a2 —bz)z

DM EN FN

MA NB RC a2 (a2 -b2-c?) b? (b?-c2-a?) c? (c?-a?-b?)
DM EN FN  (-a?+b?+c?) (a?-b?+c?) (a? + b?-c?)
m_B%= a? b?c?

8
[
[
[
8
s
¥
.
-
-
&
-
"
8
"
.
8
.
.
&
-
-
&
"
"
5
"
N
®
&
.
[
[
[
.'_‘i
'
&
.
*
&
-
s
s
"
"
8
.
.
'I-‘

Consi der anos | a senej anza entrel os tri angul os ABFDy ADEC:

BD
tBFD=BHD=.C, LDEC=. DHC=B-» — = — - BD-DC=DF - DE
DE DC

1 1
Por tanto, [DEF ==EDF-DE.Sin[7r—2A]=EBD'DC'Sin[2A]
[DEF] =BD-DC- Si n[A] - Cos [A]
Ahorabien, BD=c - -Cos[B]; CD=b - Cos[C]

[DEF] = b c - Cos [B] Cos[C] Cos[A] Si n[A]

abc
[DEF] = - Cos [B] Cos [C] Cos [A]
abc a?-b%2+c?2 a2+b?2-c? -a2+b?+c?
2R 2ac 2ab 2bc
abc (a?-b?+c?) (a?+b?-c?) (-a%+b?+c?)

4R 4 a? b2 ¢?
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ABC] (a2 - b2 +c?) (a2 + b2 -c?) (-a2 + b2 +c2
ey 1B (807 ) (aeb?c?) (caebt

a?b?c?
Por tanto, henos || egado aobtener | asiguienteigual dad
(az—b2+c2) (a2+b2—c2) (—a2+b2+02) 4 [DEF]
a2 b? ¢? ~ [ABC]

Vanos ahora adeternos otravez enl as senej anzas que hay entrel os tri angul os AAFE,
ABDF, ACED y AABC:

EF AH OA o
AAFE ~AABC» — = — = — 5 EF = — a
BC 2R R R
DF BH OB 0B,
ABDF ~AABC» — = — = —— 5 DF=—D
AC 2R R R
ED CH OoC oo
ACED ~AABC» — = — = — 5 ED= —¢
AB 2R R R

% (OA1a+031b+(Illc) [ABC]

Endefinitiva, EF+DF+ED=

1 1
7 R z R

Cono qui era que :

1 [ABC]
[DEF] = 5 (EF+DF + ED) p =

Por t ant o,

(a%-b? +c?) (a?+b?-c?) (-a%+b%+c?) 4[DEF] [ABC] 4p
= =4 p=—

a2 p? ¢2? [ABC] R [ABC] R

o DM EN FN  4p
Endefinitiva, — — — = —
MA NB NC R
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